


● Mathematical models that are used describe movement/change in the “real 
world” 
○ Real world means that it occurs in nature, solar system, etc…

● Anatomy of a dynamical system 
○ Has a function that models the laws of a system

■ Dependent on a set of parameters and initial conditions
● Examples of dynamical systems:

○ Weather forecast 
○ Asteroid paths 
○ Global warming effects

Dynamical Systems



Restrictions: 
● Test particle has a small mass where it 

doesn’t affect the orbits of the sun and planet 
(m → 0) 

● Planet has approx. circular orbit (small 
eccentricity) 

● Motion is restricted on the plane 

Orbital parameters
Eccentricity, e, is a vector 
W- argument of pericenter 
a- Semi-major axis 

Three-Body Problem and Duncan’s Map 



Duncan’s Map functions:

Jacobi constant being:

How it works:
● Makes continuous system discrete 
● Iterates over several initial 

conditions 
● Can get values from Ψ (complex 

eccentricity)  and ε (separation 
between planet and test particle)
○ W, Argument of pericenter 
○ a, Semi-major axis 
○ E, Eccentricity 
○ X, real part of Ψ
○ Y, imaginary part of Ψ

Methods 

Duncan, M., Quinn, T., & Tremaine, S. (1989). The long-term evolution of orbits in the solar system: A 
mapping approach. Icarus, 82(2), 402–418. https://doi.org/10.1016/0019-1035(89)90047-x



● Little research has been done with varying both parameters and 
seeing its effect 

● In this project, I varied both the Jacobi constant and the mass of 
the planet

○ Chose masses between [1E-07, 1E-03]

Varying Parameters 



● Stable orbits 
○ Reach an equilibrium value or have periodic behavior 

● Chaotic orbits 
○ When there is no stable orbit or clear pattern  

● Observing Chaos 
○ Visually: When phase space gets scattered 
○ Numerically: Lyapunov exponent converges to a positive value 

Chaos



● The Duncan’s map is a simplification of a set of differential equations 
● Duncan et al 1989 created this map to rapidly predict the long-term behavior 

of celestial bodies in the solar system 
● Based on their chaos criteria, they found that chaos appears when:

● In my project, I test this 2/7 power law and see if the Lyapunov exponent 
gives the same result 

Definition of Chaos in Duncan’s Map 



● A resonance occurs when we have matching frequencies on a system,
○  this yields to both instabilities or stabilization 

● Swing set analogy
○ When there is a child on a swing, an outside friend or parent could push 

them so that the pushing frequency matches the swing's natural 
frequency. 

○ This will produce a growth in the amplitude of the 
oscillations(instability). 

● Mean-Motion Resonances (ratio of periods of two orbits are an exact 
fraction)
○ Ex: TESS Mission 

■ Put a satellite on a 2:1 resonance with the moon 

Resonances 

Malhotra , R. (n.d.). Orbital resonances and chaos in the solar system. Retrieved October 26, 2021, from http://www.lpl.arizona.edu/~renu/malhotra_preprints/rio97.pdf.



1. Chose an initial point and computed a perturbed point with these set of equations:  

 

where φ and σ are arbitrary angles and ε is an error that was chosen to be 1E-5.  

2. Iterate both points and compute the distance ‘d’ between them  

3. Add log d/ Error to an accumulator  

4. Track back the iterated point to a distance ε in the direction of the growth

5. Iterate steps 2-4 

6. Calculate the average by dividing by number of iterations

Methods- Lyapunov Exponent 

Bovy, J. (2004). Lyapunov exponents and strange attractors in discrete and continuous dynamical systems. Theoretica Phys. Project, Catholic Univ. Leuven, Flanders, 
Belgium, Tech. Rep, 9, 1-19.



● Fig. 4a shows that the Lyapunov 

exponent converges to zero thus 

implying that the orbit is stable. 

● Fig. 4b shows that the Lyapunov 

exponent converges to 0.4 thus implies 

that the orbit is chaotic.

● Fig. 4c shows that important fluctuations 

occur up to 200,000 years

● Fig. 4d shows an orbit that converges to 

zero and is stable up until about 400,000 

years where it becomes chaotic 

afterwards.

Lyapunov Exponent Results



Figure 1 & 2. Phase space 
diagrams with x and y as the 
axis, with mass of the planet and 
Lyapunov exponent indicated by 
color. Shows the interior and 
exterior case of the test particle. 

Results 



Figure 3 & 4. Phase space diagrams with phi and mean motion as the 

axis, with mass of the planet and Jacobi constant indicated. Shows the 

interior and exterior case of the test particle.

Results (cont) 



● In white, is the boundary predicted by the 2/7 power law
● Duncan’s criteria of chaos resulted in a 2/7 power law that predicts the onset of chaos, 

which was further probed using the Lyapunov exponent. This is remarkable because a 
unified definition of chaos is not yet found but an equivalency was found. 

2/7 Power Law 



● From varying parameters, 
○ Increasing Jacobi constant and mass of the planet have opposite effects on 

the stability of orbits
● Resonances 

○ Identified resonances that are stable and non-stable which leads us to 
understand where are the best places to place our test particle

● Lyapunov exponent
○ Both positive and zero values were found for orbits allowing to classify 

orbits (stable; unstable) and estimate the diverging time of unstable orbits 
● 2/7 Power Law 

○ By rediscovering the 2/7 power law, 
■ One can now see the equivalence between two different chaos criteria 

Conclusion  



● Importance 
○ Makes space mission designs more effective 
○ Understand solar system past and future 
○ Defining chaos and implementing quantitative chaos indicators that 

are not subjective
● Future work 

○ Addition of dissipation (migration of planet) 
○ Allow eccentric orbits for secondary particle (planet) 
○ Verify 2/7 power law on many chaos indicators such as time 

correlation or Kolmogorov-Sinai entropy

Importance and Future work 


